CHARACTER ANALOGUES OF RAMANUJAN TYPE INTEGRALS 
INVOLVING THE RIEMANN S-FUNCTION 



ATUL DIXIT 



Abstract. A new class of integrals involving the product of S- functions associated 
with primitive Dirichlet characters is considered. These integrals give rise to trans- 
formation formulas of the type F(z, a, %) = F(—z,j3,x) — F(—z,a,x) — F(z,/3,x), 
where a/3 = 1. New character analogues of transformation formulas of Guinand and 
Koshliakov as well as those of a formula of Ramanujan and its recent generalization 
are shown as particular examples. Finally, character analogues of a conjecture of 
Ramanujan, Hardy and Littlcwood involving infinite series of Mobius functions are 
derived. 



1. Introduction 

Modular transformations are ubiquitous in Ramanujan's Notebooks [33] and his Lost 
Notebook [35]. Ramanujan usually expressed them in a symmetric way and they were 
valid under the conditions a (3 = 7r or a (3 = it 2 etc. In the same spirit, on page 220 in 
one of the manuscripts of S. Ramanujan in the handwriting of G.N. Watson published 
in [35], one finds the following beautiful claim. 



Theorem 1.1. Define 



X(x) := ip(x) + log a;, 



2;r 



where 



it ^ r '(^ \- 



Tlx) ^ Im + i m 

y 1 m=0 v 

is the logarithmic derivative of the Gamma function. Let the Riemann ^-function be 
defined by 

e(a):=(a-l)7r-5T(l + J«)C(«), 

and let 

S(f) :=ta+it) 
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be the Riemann E-function. If a and (3 are positive numbers such that a/3 = 1, then 



7 — log(27ra) 
2a 



k=l 



7T 



3/2 



7 - log(27r/3) 



in, 



2(3 

-1 + it 



/t=i 



cos (|tloga) 



1 + t 2 



(it, 



1.1^ 



where 7 denotes Euler's constant. 

This identity is of a special kind since not only does it contain a modular trans- 
formation, but also a beautiful integral involving the Riemann S-function. In fact, 
the invariance of the integral in (II. ip under the map a — > (3 establishes the equality 
of the first and the second expressions in (II. ip . This idea is used in [5] to prove the 
above claim of Ramanujan and later in [Tlj [12| [13] to obtain many transformation 
formulas of the type F(a) = F((3) or F(z, a) = F(z,f3), where a(3 = 1, where an 
integral involving the Riemann S-function is always linked to them. This then gives 
new identities involving infinite series of Hurwitz zeta function as well as extensions of 
some well-known formulas of A. P. Guinand (16] and N.S. Koshliakov (25] (see [13] for 
details). For example, we mention the following generalization of Theorem 11.11 found 
in HHrr3]. 

Theorem 1.2. Let —1 < Re z < 1. Define ip(z,x) by 



<f(z,x) = C(z+l,x) - 



x 



-X 



-z-1 



where ((z,x) denotes the Hurwitz zeta function. Then if a and (3 are any positive 
numbers such that a(3 = 1, 



z + l 

a 2 



2>0 



v n=l 



$(4tt 



z-3 
2 



T(z + l) 



r 



C(* + i) C(z) 

2a z+1 
z-l + it 



az 



P 



2 



4 



r 



fiz 



\ — it\„ft + iz\„ft — iz\ cos (|t log a) 



{z + iy + t 2 

(1.2 



dt. 



where B.(t) is the Riemann ^-function. 

Another example of a transformation formula of the type F(z, a) = F(z, (3) is the 
extended version of Guinand's formula [T3~| Theorem 1.4] given below. 



Theorem 1.3. Let K v (s) denote the modified Bessel function of order v, let 7 denote 
Euler's constant and let akin) = J2d\ n d k - Let — 1 < Re z < 1. Then if a and f3 



are 
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positive numbers such that a/3 = 1, we have 



(a^TT^T (|) C(z) + o-t-Mr (^pj £(-z) ^-z{n)n z/2 K^ (2mra) 

32 [°° „ (t + iz\ „ ft-iz\ cos (|i log a) , , . 

' - ' 1 - ' 1 v - dt. (1.3) 



7T 7 V 2 ; V 2 ; (t2 + ( z+1 )2)( t 2 + ( z _ 1 )2) 

Letting z — > in (11.31) then gives the following extended version of Koshliakov's 
formula [12] . 

Theorem 1.4. Let d(n) denote the number of positive divisors of n and let K (n) 
denote the modified Bessel function of order 0. If a and (3 are positive numbers such 
that a (3 = 1, then 



( 7 " l °f na) - 4 g d{n)K^noc) j = ^3 ^ ~ logW) _ 4 g ^^^(2^)^ 
32 Z" 00 (S (I)) 2 cos log a) dt 



Wo (1 + ^ 2 ) 2 

By an 'extended version', we mean that the original identity known before is linked 
to an integral involving the Riemann S-function. It must be mentioned here that the 
formulas of Guinand and Koshliakov were discovered earlier by Ramanujan (see [8]), 
and are present in the Lost Notebook [351 P- 253-254]. 

After Ramanujan, Koshliakov was another person to do significant research in this 
area. Apart from using contour integration, Mellin transforms and several summation 
formulas that he developed, he frequently used a method similar to that developed 
by Ramanujan in [32], [3H pp. 72-77] to obtain old and new transformation formulas 
of the form F(a) = F(f3), where a(3 = k for some constant k. He also obtained 
deep generalizations of many well-known formulas of Ramanujan and of G.H. Hardy 
[PTl Equation (2)], some of them being analogues in rational and number fields. See 
[201 [22j [23j [26] . In [2UI27], he used Fourier's integral theorem to obtain expressions 
for the Riemann S-function, a method also enunciated by Ramanujan [32] . Around 
the same time, W.L. Ferrar [T4J also worked on transformation formulas of the above 
kind. 

As can be seen from (11.11) . the general form of the integrals giving rise to formulas 
of the type F(a) = F{(3) where a/3 = 1 is 

/ 2 Qj cos /it dt, 

for fi real and f(t) = <b(it)(f)(—it), where is analytic in t as a function of a real variable. 
This integral is mentioned in [37] p. 35]. Similarly, from (II. 2p and (II. 3p . it is clear that 
the general form of the integrals giving rise to identities of the type F(z, a) = F(z, (3) 
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where a/3 = 1 is 



/,Z '2) H (^ _ ) H (^ _)c0S/itcit ' (Li) 



for real and /(z, t) = 0(z, it)<f)(z, —it), where <fi is analytic in t as a function of a real 
variable as well as analytic in z in some complex domain. An integral of this kind was 
first introduced by Ramanujan |32j . 

In this article, we find character analogues of all of the above-mentioned theorems. 
The character analogue of Guinand's, and hence Koshliakov's formula given here differs 
from the ones established in [7J. Throughout this article, we will be concerned with 
the principal branch of the logarithm. Also, we work only with a primitive, non- 
principal Dirichlet character \ modulo q. It is easy to see that its conjugate character 
X is also a primitive, non-principal character modulo q and \ is even (odd) if and 
only if x is even (resp. odd). Let L(s,x) denote the Dirichlet L-function defined by 
L(s,x) = Y^=i x( n )/ nS f° r Re s > 1. This series converges conditionally for < 
Re s < 1. Also, it can be analytically continued to an entire function of s. Let 
G(x) '■= G(l, x), where G(n, x) is the Gauss sum defined by 

G(n, X ):=J2x(m)e 2mmn ^. 

m=l 



We know that p. 168] 
and it is easy to see that 

Define b as follows: 



|G(x)r = ? (1-5) 



m={ G ™' C0I f Xe ™' (1-6) 
[-G{X), for x odd. 



;i.7) 



x(-i) = i, 
x(-i) = -i. 

Then the function £(s, x) is defined by 

^,X):=^J r(^)L(s, X ), (1.8) 

and the analogue of the Riemann S-function for Dirichlet characters is then defined as 

S(*,x) ■=s(l + it,x) • (1-9) 



2 

L-functions satisfy the functional equation j2j p. 263] 

L(l -s, X ) = (e"™ /2 + X(-I)e ms/2 ) G( X )L(s,x), (1.10) 

which can be rephrased in terms of £(s, x) as P2] 

a^-s,x) = <xK(s,X), (l.H) 



CHARACTER ANALOGUES 5 

where e(x) = i h q 1 ^ 2 / 'G(x)- By (II. 5p . |e(x)| = 1. Next, we note Stirling's formula in a 
vertical strip a < a < (3, s = o + it, namely, 

|I»| = (2n)\\t\ a -\e-^ (l + O [tA\ (1-12) 

uniformly as \t\ — > oo. Now using (ll.lOp and the fact [TQJ p. 82] that \L(s, x)\ = 0(q\t\) 
for Re s > 1/2, we can easily see that for Re s > —5, 5 > 0, we have 

L(s, X )=0(ql +5 \t\l +s y (1.13) 

We will subsequently use this result. 

Transformation formulas involving Dirichlet characters of the form 



where 



n=l n=l 



2G ' ( V) r °°cos^] id-nil, for Y (-l) = 1. 



9\P) 



Q Jo \ Q 

-2iG(x) f^°° . f 2 ^xt 



sin )f(t)dt, for X (-l) = -l, 



were considered by Guinand [151 Theorems 4-5] , though he did not give any particular 
examples. Here, we derive a character analogue of the integral in (II. 4p . Its general 
form is 

/ ( z ' £) E (tY^'*) E (^T^' X ) cos Q tloga ) dt ' (L14) 

where / is an even function of both the variables z and t. These integrals give rise 
to transformation formulas of the type F(z,a,x) = F{—z, (3,x) — F(—z,a,x) — 
F(z,(3,x)- Then via Fourier's integral theorem, one may be able to obtain integral 
representations for 5 ((t + iz)/2,x) H ((t — iz)/2, x) which are of independent interest. 
The character analogue of Theorem 11.31 is as follows. 

Theorem 1.5. Let —l<Rez<l and let x denote a primitive, non-principal charac- 
ter modulo q. Let the number h be defined as in (11.71) . Let K u (z), d(n) and 7 be defined 
as before and let a and (3 be positive numbers such that a(3 — 1. If 

F(z,a, X ) :=a b ^f^x(n)n-^ b (j2x 2 (d)d^K., 2 (*™) , 

n=l ^ d\n ' \ 9 / 

then 

F(z,a,x) = F(-z,/3,x) = F(-z,a,x) = F(z,/3,x) 

= E Rr'*) e (^*) cos G tloga ) dt - (L15) 
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Define ip(a, x) by 

^(a,x) = -£^, (1-16) 



n=l 

where a G C is a non-negative integer. For a real character x, this agrees with the 
character analogue of the psi function obtained by the logarithmic differentiation of the 
following Weierstrass product form of the character analogue of the gamma function 
for real characters derived by Berndt 0]: 

00 — ( i 

r(a, X ) = e-^n(l + 9 e° 



3 ax(n)/n 



71/ 

71 = 1 



The character analogue of the Hurwitz zeta function ((z, a) is given by [3j Ex. 3.2] 

oo , , 

L(*,a >X )=X; T^ZV?' (1.17) 

(n + a 2 
n=i v ' 

valid for Re z > 0, and provided a 6 C is a non-negative integer. The above character 
analogue of the Hurwitz zeta function can also be obtained as the special case when 
x = of the function L( X) defined in [4] by 

oo ' 

L(z, x, a, X ) ■= e 2mnx/k x(n)(n + a)~ z , 

n=0 

where the prime indicates that the term corresponding to n — —a is omitted if a 
is a negative integer and x( a ) 0- As shown in [4J, L(z,x,a,x) converges for Re 
z > if x is not an integer, or if x is an integer and gcd(x, k) > 1. If a; is an integer 
and gcd(x,k) = 1, the series converges for Re z > 1. For mean value properties of 
L(z, a, x) and asymptotic formulas, see the recent paper [29]. The character analogues 
of Theorem 11.21 are given below. 

Theorem 1.6. Let x denote an even, primitive, non-principal character modulo q. Let 
— \<Rez<l and let L(z,a,x) be defined as in (11.1 7j) . Define T(z,a,x) by 

oc z ' 2 q z ' 2 Y(z + l) 



and f2(z, t) by 



n(z,t) : = ((z + i) 2 +t 2 )r( ZizJd^ V- : 1 - /7 



4 y v 4 

(^r-^yf^r-^)- (1-19) 



4 / V i 

Then if a and (5 are positive numbers such that a/3 



T(z,a,x)^2x(n)L(z + l,na,x) + T(-z, a, x) x(n)L( - z + l,na,x) 

n=l ^ ' n=l ^ ' 

T(-z, (3, x) jt ( ~ * + ±,n(3,x) + T(z, f3, X )j>2x(n)L(z + l,nf3, X ) 

71 = 1 ^ ' 71=1 V 



647r 3 / 2 g J 
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Theorem 1.7. Zet x denote an odd, primitive, non-principal character modulo q. Let 
— l<Rez<l and let L(z,a,x) be defined as in (II. 17ft and let T(z,a,x) be defined 
as in (jl,18p . Define A(z,t) by 

A(,,«) :=rf 2 + 1 + ft Vf' + 1 - it> ) + rf-' +1 + it Vf- t + 1 - i< V (1.21) 



... 4 
T/ien if a and (3 are positive numbers such that a(5 = 1 



T(z,a,x)^2x(n)Llz + l,na,x) + T(-z, a, x) ^ x( n ) L l ~ z + l,na,x\ 

n=l ^ ' n=l \ ' 

T(-z, (3, x) x(n)L ( - z + 1, n/3, x) + T(z, (3, X ) £ xin)L (z + 1, n/3, X ) 

n=l \ ' n=l V 



1 f°° ft + iz \ f t — iz \ fl 

' A(z,t)E — — ,x S — — , X cos -Hog a I dt. (1.22) 



4^1/2^2 



«r jo 

In [HJ p. 156, Section 2.5], Hardy and Littlewood discuss the following interesting 
identity suggested to them by work of Ramanujan. 

Theorem 1.8. Let p(n) denote the Mobius function. Let a and (5 be two positive 
numbers such that a(3 = 1. Assume that the series ^ p (r(^ £ )/C (p)) aP converges, 
where p denotes a non-trivial zero of the Riemann zeta function and a denotes a positive 
real number, and that the non-trivial zeros of ((s) are simple. Then 

n V^/o^ C (P) 

~ v ^h n c'(p) ^ ( 3) 

The original formulation of the above identity is slightly different in [18] but can 
readily be seen to be equivalent to (ll.23p . See also [5j p. 470], [31, p. 143] and [37J 
p. 219, Section 9.8] for discussions on this identity. Based on certain assumptions, the 
character analogues of (I1.23P for even and odd primitive Dirichlet characters, which 
furnish two examples of transformation formulas of the form F(a,x) = F(/3,x), are 
derived here and are as follows. 

Theorem 1.9. Let x be an odd, primitive character modulo q, and let a and (3 be 

two positive numbers such that a(3 = 1. Assume that the series ^ p nP q ^2^~^ 2 ^ an d 

Xlp gp^jj^p^ 2 ^ converge, where p denotes a non-trivial zero of L(s,x) an d L(s,x) 
respectively, and that the non-trivial zeros of the associated Dirichlet L-functions are 



<s 
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simple. Then 

gy^VGU) ( y x{n \ [n) e-^-^y ff4 ( a f J] 

\tl n2 Aixa*^ L'(p,x)\q) J 

Theorem 1.10. Let \ be an even, primitive character modulo q, and let a and (3 be 

two positive numbers such that a/3 = 1. Assume that the series nP q ^2i^~^ 2 ^ an d 

7T ''' ' qpl^v{pY)' 1) converge, where p denotes a non-trivial zero of L(s,x) an d L(s,x) 
respectively, and that the non-trivial zeros of the associated Dirichlet L-functions are 
simple. Then 

This paper is organized as follows. In Section 2, we give a complex integral repre- 
sentation of ( 11.14)) that is used in subsequent sections. In Section 3, we prove Theorem 
11.51 Then in Section 4, we compute the inverse Mellin transforms and asymptotic 
expansions of certain functions which are subsequently used in Section 5. Section 5 is 
devoted to proofs of Theorems 11.61 and 1 1 . 71 Character analogues of Ramanujan's trans- 
formation formula (Theorem 11.11) are derived as special cases of these theorems. We 
conclude this section with some curious results on certain double series being always 
real. In Section 6, we present proofs of Theorems 11.91 and 11.101 Finally we conclude 
with some open problems in Section 7. 



2. A COMPLEX INTEGRAL REPRESENTATION OF ( 11.141) 

In this section, we give a formal way of transforming an integral involving a character 
analogue of Riemann's S-function into an equivalent complex integral which allows us 
to use residue calculus and Mellin transform techniques for its evaluation. 

Theorem 2.1. Let 

^ z ^ = <t>(z, H)(j)(z, -it) + <f>(-z, it)(f>(-z, -it) ^ ^ 

where <p is analytic in t as a function of a real variable and analytic in z in some 
complex domain. Let y = e M with p real. Then, under the assumption that the integral 
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on the left side below converges, 

J f(z,t)EU + ^,^En- i -^-,xjcos^tdt 

z 



Proof. Let 



I(z, V, x) ■= J f(z, t)E (t + y , xj E ^ - y , xj cos /it dfc 



Then 



i(jf f M E{t + %^)E{t-% X )yUt 

+ f f(z, -t)E (-t + %^E(-t-% x) V* dt] . 



However, using (11. lip , we readily see that 

H (-( + f , x) = f Q - « - § ,x) = e(x)f g + it + 1, x) = <x)B (t - I 
-« - f ,x) = ( (i - « + f , x) = Mx))" 1 ? Q + a - 1 , x) = «x)r' - 



so that 



IZ \ „ f IZ \ „ / IZ \ ^ IZ 

=-[-t + -,x)^[-t--,x) =^[t + -,x)^(t-- jX 



Thus from (I2.3p . f!2.4[) and the fact that / is an even function of t, we obtain 
V,X) = IJ /(*, t)E (t + |x)sft- y , x) 2/" 



where in the penultimate line, we made the change of variable s — | + it 
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For our purpose here, we replace /i by 2/x in f |2.2j) and then t by t/2 on the left-hand 
side of (12. 2p . Thus with y = e 2>1 , we find that 

' / t\„ft + iz_\„ft-iz \ 
/ \ z > o " >X = — 'X cos fit dt 







S — - Z, - — S + —2, S — - -Z, - — S 



V V 2; v 2 y v 2; v 2 

x£(s-|,x)£(s + |,x)j/'ds. (2.5) 
It is this equation with which we will be working throughout this paper. 

3. Character analogues of the extended version of Guinand's formula 

We require the following lemma. 
Lemma 3.1. For Re s > 1 and Re (s — rj) > 1, 

X{n) 



L(s, x)L(s -r ] ,x) = J2^7 L J2 xW- ^ 



n" 

n=l d\n 



Proof. Since the Dirichlet series for both the L-functions converge absolutely under 
the given hypotheses, using [2, Theorem 11.5], we see that 

x( n ) X(k) 



n=l k=l 
00 1 

j=l nk=j 
j=l nk=j 

since xWx(k) = 1. □ 

Proof of Theorem 11.51 First assume that x is even. Let <j)(z, s) = 1. Then from (12. ip . 
we see that f(z,t) = 1. Using (TO]), flTBD, ffL12|) and (03]) . we find that the integral 

f°° ~ ft + iz _\ „ ft-iz \ 
M{z,fi,x) ■= - I — r— ,X - — 'X cos /it dt 







does converge. Using (I2.5p . we observe that 

1 rh +io ° ( z \ / z \ 
M(z, ^x) = -^ Z(s--,x)t(s + - r x)y s ds 



1 n+: ^a-^ra + ^L(s^,x)L(s + ix)(-) - 



i^J^ioo V2 AJ V2 AJ V 2 7/ V V 2 7/ V V <Z?/ 



(3.2) 
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Since Re s = 1/2 and — 1 < Re z < 1, we have < Re (s — |) < 1 and < Re 
(s + |) < 1. Now replace s by s — | and let 77 = — z in Lemma 13.11 Then, for Re 
(s - |) > 1 and Re (s + § ) > 1, 

L (. - |,x) L (. + f , x ) = £ ^ £ X 2 (rf)rf" z - (3.3) 

n=l <2|n 

We wish to shift the line of integration from Re s = 1/2 to Re s = 3/2 in order to be 
able to use (13 .3p in (I3.2p . Consider a positively oriented rectangular contour formed 
by [~ + z*T, ~ - z'T], [~ — z'T, | - z'T], [| - z'T, | + zT] and [| + zT, | + z'T], where T is any 
positive real number. The integrand on the extreme right-hand side of (13 .2p does not 
have any pole inside the contour. Also as T — > 00, the integrals along the horizontal 
segments [| — z'T, | — z'T] and [| + z'T, | + z'T] tend to zero, which can be seen by using 
(j!.12p . Hence employing residue theorem, letting T — > 00, using (13. 3p in (13. 2p . and 
interchanging the order of summation and integration because of absolute convergence, 
we observe that 

«(^x)-^E^(E^)/^ r(£-£)r(£ + £)g) 

(3.4) 

But from (30J, p. 115, formula 11.1], for c = Re s > ± Re v, 

h CI 2 " 2w " T (I " i) r (I + 9 *- d ° - P' 5 » 

Hence using (I3.5P with c = 3/2, v = z/2, w = 2 and 2 = nn/qy in (13.41) . we find that 
M(z,»,x) = 7E» 2/2 (E x2 H^ f— ) • (3 ' 6) 

V ^ n =l v d|n ^ \ IV / 

Now let /i = I log a in (13. 6p so that y = e 2At implies that y = a. Then using the fact 
that a/3 = 1, we deduce that 

n=l ^ d\n ' \ 1 / 

Next, observing that replacing a by (3 and/or replacing simultaneously x by x an d z 
by —2; in (13. 7p leaves the integral on the left-hand side invariant, we obtain (I1.15p . 

Now consider the case when \ is odd. Again the convergence of the integral M(z, fi, x) 
can be seen from (I1.12p and fll . 13j) . Following similar steps above as in the case of even 
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X, and using the definition of £(s, x) from (\1.8\i for x odd, we find that 

(3.8) 

Now replacing s by s + 1 in ( 13. 51) . we find that for c=Res>±Rez/ — 1, 

si £T 2 '" ur " r - r + *~" ds = (3 ' 9) 

Then using (13.91) with c = 3/2, z/ = 0, w = 2 and x = nn/qy in (13.81) . we see that 



M(z,/i,x) = 




(3.10) 



Now let \i = \ log a in ( I3.10P so that y = e 2fl implies that y = a. Then using the fact 
that a (3 = 1, we deduce that 

H -(^x)H(^, X )cosQtloga)rft 
= 0^x(n)nl^^x^d)d-^K z/2 . (3.11) 

Next, observing that replacing a by ft and/or replacing simultaneously x by X an d z 
by —z in (13. lip leaves the integral on the left-hand side invariant, we obtain ( I1.15p . □ 

Remark. Letting z — > in Theorem 11.51 gives a new character analogue of the ex- 
tended version of Koshliakov's formula, i.e., Theorem 11.41 

When x is rea l> Theorem 11.51 reduces to the following corollary. 

Corollary 3.2. Let —l<Rez<l and let x denote a real, primitive, non-principal 
character modulo q. Let the number b be defined as in (II. 7p . // 

oo 

F{z, a, x) = a b+ ^ xW™~ f +b a z (n)K-z 

n=l 

then 

F(z, a, x) = F(-z, f3, x) = F(-z, a, x) = F(z, (3, x) 

1 r^ft + iz \„(t-iz \ ( 1 . \ , 
= — / ^ , X ^ 1 X cos -t log a dt. 

sWo V 2 "V v 2 '*■) V2 ; 

The above corollary (without the integrals) is equivalent to the special cases, when % 
is real, of the character analogues of Guinand's formula established in [7j (see Theorems 
3.1 and 4.1). 



V Q J 
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4. Inverse Mellin transforms and asymptotic expansions of certain 

functions 

In this section, we evaluate inverse Mellin transforms of some functions and asymp- 
totic expansions of certain other functions all of which are subsequently used in the 
later sections. 

Lemma 4.1. For a primitive, non-principal character x, let ip(a,x) be defined as in 
(dH6]). Then forO<c=Res<l and x G M\Z <0 , 



1 

2ttI 



x ds = ip{x, x)- 

kill 77^ 

C — lOO 



SVHTTS 



TV 



(4.1) 



Proof. We will prove the result for even characters only. The case when x is °dd 
can be proved similarly. We first assume \x\ < 1 and later extend it to any real 
x G K\Z <0 by analytic continuation. Let < c < 1. Consider a positively oriented 
rectangular contour formed by [c — iT, c + iT] , [c + iT, —M + iT] , [— M + iT, —M — iT] 
and [— M — iT,c — iT], where T is any positive real number such that T > and 
M = n — 1/2 where n is a positive integer. Let s = a + it. Among the poles of the 
function (L(l — s, %)/ sin (its)) x~ s , the only ones that contribute are the poles at the 
non-positive integers. Let R a denote the residue of the function (L(l — s, x)l sin 7rs)a;~' 5 
at a. Then, 

r =\^ sL{ \_:: s ; x) x- s = -l{i,x). 



and 



R. 



lim 



»-»o sm7rs 
sin 7ts 



7T 



X 



-L(l + m, x)x % 



(4.2) 
(4.3) 



From (14.21) . (14.31) and the residue theorem, we have 



c+iT 



+ 



c-iT 



-M+iT 



+ 



c+iT 



-M—iT 



+ 



M+iT 



c-iT l 
■M-iT. 



L(l-s, X ) 



Sin 7TS 



x s ds 



\ 7T *— ' 7T 

\ 0<m<M 



-L(l + m, x)% r ' 



(4.4) 



We first estimate the integrals along the upper and lower horizontal segments. Using 
fTTTT3|) . one finds that for —M < a < c, 



L{1 - a ±iT, X ) = O (^+V2 T c+i/2) 
Since T > ^, on the upper horizontal segment, we have 



1 




2e™ s 


sin7rs 




g2-7ris ^ 



< 4e 



-ttT 



(4.5) 



(4.6) 



Similarly, on the lower horizontal segment, 



14 ATUL DIXIT 

Since \x\ < 1, from (14.51) and (14.61) . 

Ic+iT Sm 

where K\ is some constant. Therefore 

-M+ioo 



< K x {c + M)\x\~ c ■ 4e-V +1/2 T c+1/2 , 



L(l-s, X ) 



sm7rs 



x s ds = 0. 



Similarly, 



L{l-s, X ) 



x s ds = 0. 



-M-ioc sm 71-5 

Then from g3D, (B2D and gSD, we find that 



(4.7) 



(4.t 



c+ioo p—M—ioo' 
+ / 

— ioo J —M+ioo _ 



L(l-s, X ) 



-x 



Sin 7TS 



d S = 27TZ -L(1, X )+ 



0<m<M 



7T 



-L(l + m, x)x r ' 
(4-9) 

It remains to examine J_ M+ioo {L(l — s, %)/ sin 7rs)x _s <is. Since M = n — 1/2, we have 
| sin7r(-M + it)\ = | coshvrtl > 1 and L(l + M± it) = 0(1) as 1 + M > 1. Thus, 



-x s (is 



M-ioo 



Sin 7TS 



L(l + M-z*, X ) M-it 



, sin7r(-M + it) 

0(l)dt+\x\ M J 0(e-^)dt + 



x 



M 



-1 



0(\x 



as |£| — > oo. Since |x| < 1, 



lim 



-M—ioo 



L(l-s, X ) 
From (T43I) and (14TTUI) . we see that 



1 

2ttI 



c+ioo 



x s ds = 0. 



= ( -L(l, x) + Y] —L(l + m, X )x 



(4.10) 



sm tts 



m=l 



-1 



oo / \ m 1 
—X 



fc=l rra=l 



— i>{x,x)- 

7T 



(4.11) 



Since both sides of (14.11) are analytic for any x G M\Z<o, the result follows by analytic 
continuation. □ 
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Lemma 4.2. Let z G C be fixed such that — 1 < Re z < 1. For a primitive, non 

principal character \, let L(z,a,x) be defined as in ( I1.17|) . T/ien for — | Re z < c = 
Re s < | Re z and x G IR\Z<o, 

"C+ioo 



1 

2vri 



r(s + -]j (i 



|) L (l - 8 + |, x) %~ S ds = x z / 2 V(z+l)L(z+l, x, X ). 

(4.12) 

Proof. We prove the result only for even characters. The case for odd characters 
can be proved similarly. We first assume \x\ < 1 and later extend it to any real 
x G M\Z <0 by analytic continuation. Let — ~ Re z < c = Re s < \ Re z. Consider 
a positively oriented rectangular contour formed by [c — iT,c + iT], [c + iT, —M + 
iT], [-M + iT, —M — iT] and [-M — iT, c — iT], where T is some positive real number 
and M = n — 1/2, where n is a positive integer. Let s = a + it. Among the poles of the 
function T(s + z/2)T(l — s + z/2)L(l — s + z/2, x) x ~ s , the only ones that contribute 
are the poles at s = —z/2 — m,m > 0. Let R a denote the residue of the function 
r(s + z/2)r(l - s + z/2)L(l - s + ^/2, x)x~ s at a. Then for m > 0, 



lim 

-l) m 
ml 



s + - + m)T [s + - )T [1- s + - ) Lll- s + -,x) x 



T (1 + z + m) L (1 + z + m, X ) x z/2+rn . 



(4.13) 



From (I4.13P and the residue theorem, we have 



i-c+iT 


p-M+iT 


/ + 




Jc-iT 


Jc+iT 


= 2nix z/2 


E { - 




0<m<M 



+ 



-M-iT 



+ 



M+iT 



c-iT 



M-iT. 



T[s + -)T[l-s + 



L 1 



m! 



T (1 + z + m) L (1 + 2 + m, x) x m . 



(4.14) 



We now estimate the integral along the upper horizontal segment. From (I4.5p . we 
easily see that for — M < o < c, i.e., — M— Re f < a— Re | < c— Re |, 



LI 



a — Re- ) — i f T — Im 



X 



O q 



Y c-Rel 



By (11.121) . we observe that 



r [s + 



~ V27re 2 



S T+Iml 



2 + 2 T - Im- 



cr+Rcl 



c-Re| 



and 



r l-s + 



~ V27re 2 



5- T-Im# 



T + Im- 



T — Im- 



7+Rel 



(4.15) 

(4.16) 
(4.17) 



Since \x\ < 1, from (I4.15p . (I4.16P and (I4.17p . we deduce that 

-M+iT 

T(s + z/2)r(l - s + z/2)L(l -s + z/2, X )x~ s ds 



c+iT 

< 2ttK 3 (c + M)\x\~ c e 



f (| T +Im|| + |T-Imf|) 



T + Im- 
2 



r+Ref-i 



T — Im- 

2 



16 

where K 3 is a constant. Hence, 
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-M+ioo 



r(s + z/2)r(l - s + z/2)L(l - s + 2/2, x)aT s rfs = 0. 



(4.18) 



c+ioo 



Similarly for the integral along the lower horizontal segment, using ( 14.161) . (I4.17P and 
the fact that 



L (l — (a — Re- ) + i ( T + Im- ) , X ) = O ( g c - Re i+^ [T + Im 



c-Rel 



we observe that 



r(s + z/2)T{l - s + z/2)L(l -s + z/2, x)x~ s ds = 0. (4.19) 



M—ioo 



Hence from fQ4j) . (I47T8D and (j05|) . it is clear that 



c+ioo /•—M—ioo 



+ 



M+ioo 



r(s + z/2)r(l - s + z/2)L(l - s + z/2, x)x~ s 



:-i) 



27rix 2/2 V '—Y{l + z + m)L{l + z + m,x)x r 

r— ' m! 



(4.20) 



0<m<M 



It remains to evaluate Jl M+i ^ r(s + z/2)r(l - s + z/2)L(l - s + z/2, X )x~ s ds. In [9], 
we find that as |t| — > 00, 



r(-M + #) = o 



-AT-1/2 — 7r|t|/2 



Hence as T — > 00, 



r — M + it + 



o 



T + Im- 



-M+Re 



2 2 e _ f | T+Imf 



(4.21) 



Again by (Q2]L as T -> 00, 



r ( 1 + M - it + - 



27re 2 



T-Im| 



T — Im- 
2 



M+Rel 



1 + 



1 



Also, L (l + M - it + f , x) is bounded as Re(l + M - it + f ) > 1. Hence, 

—M—ioo 



(4.22) 



M+ioo 
00 



T [s + -)T (1-S + -) L(l-s + -,x)x- s ds 



r[-M + it + ~)r[l + M-it+~)L[l + M-it + -,x) x M ~ lt dt 



\x 



M 



0(1) dt+ \x 



M 



-1 



±00 



o 



T + Im- 



-Af+Rel 



T — Im- 



M+Re 



2 ' 2 _ ZL 

e 2 



(|r+Imf| + |T-Imf|)\ ^ 



o o*n 
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as T — > oo. Since |x| < 1, 

lim [ M ' X T(s + ^)r(l-s + ^)L(l-s + ^x)x- s ds^O. (4.23) 
From (|CTD , (E23J), we finally deduce that 



1 

2tH 



c+ioo 

r ( s + - ) r (1-S + -) L(l-s + ^-,x)x~ s ds 



C—lOO 

oo 

z/2 



x _ / - V- v ^ r (i + z + m )L(l + z + m lX ) x z/2+m 

^— ' m! 

m=0 

-/ 2 rf, + i)V (-i) m r(i+*+™) v g m 

m=0 v 7 k=l 



x z ' 2 



-*/2 



rr | t> yx(fc) y^ r(i + z + m) f-sY 
1 + J 4^ fc *+i Z_, m!r (! + z ) ^ k J 



fc=l 

oo 



x z/2 r(^ + 1) ^ 



2 + 1 



^ (fc + x) 

= x z ^T(z + l)L(z + l,x jX ), 

where in the fourth step above, we have utilized binomial theorem since \x\ < 1. Since 
both sides of (14.121) are analytic for any x G R\Z <0 , the result follows by analytic 
continuation. □ 

For j > 1, the generalized Bernoulli numbers Bj(x) are given by [U p. 426] 



2(-l)J- 1 G(x)(2j)! r , . 
= fc(27r/fc)^ L(2J ' X) ' 



for x even, and by 



2(-l)J- 1 tG(x)(2j-l)! r , , 
= fc(27r/fc)2j -i ^ - i.x), 

for x odd. Also it is known [4, p. 423, Corollary 3.4] that B^j-iix) = when \ is even 
and B 2 j(x) — when x is °dd. Next, we give an asymptotic expansion of i/;(a, x) as 
\a\ oo. 

Lemma 4.3. For —n < arga < n, as \a\ — > oo, 

L(0,x) , n f B;09 
i=2 J 

Proof. The proof is very much identical to Proposition 5.3 in [4, p. 435] and hence is 
omitted. □ 
The asymptotic expansion of L(z,a,x) as \a\ — > oo is given below. 



18 
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Lemma 4.4. For Re z > and —n < arga < re, as \a\ — > oo, 

3=1 • 7 ' 

Proof. To derive this, one takes (4.3) and (4.4) in [JJ p. 424] valid for x even and odd 
respectively, substitutes A = 0, B = N,r = 1 and f(u) = (u + a)~ z , lets N — > oo and 
then performs repeated integration by parts on the prevalent integral. □ 



5. Character analogues of Theorem 11.21 

In this section, we prove analogues of Theorem 1 1.21 for even and odd primitive charac- 
ters. Then we give character analogues of Ramanujan's transformation formula (The- 
orem [TTTj) as special cases. 

Proof of Theorem 11.61 Using Lemma 14.41 one sees that the series involving the func- 
tions L(z, a, x) in the theorem are converg ent. Let 4>{z, s) = {z + l + 2s)T (=%± + §). 
Then from (JZI) and flL19]) . we find that / (z, f) = \Vt{z,t). From ([23}, we have 

M(z,t)E (*-^—>Xj s (~Y~' x ^j cos ^ tdt = (J(z,y,x) + J{-z,y,x)) , 

' V (5-1) 
where 

J(z,y,x)-= U{z,s,y,x)ds (5.2) 

with 

U(z, s, y, x) ■= (-z+2s)(-z+2-2s)T (j + *- - ±) T g - £) £ (s - |, x) £ (* + % x) V s - 



Using (11.12p and (JTTT3J), one sees that indeed the integral on the left side of ( 15. ip 
converges. We first simplify the integrand in (15. 2p . Using (II. 8p with 6 = 0, and 
then duplication formula [36| p. 46, Equation (3.4)] and reflection formula J36J p. 46, 
Equation (3.5)] for Gamma function in the second equality below, we have 

^-^ 16 (;)^r(£ + i±i)r(£ + £)}{r(£-£ + 1 )r 



x L (s- | ,xj L \s + ~,x 



\qyj 2 s+ i- 1 V 2) sin (tt (f - f)) V 2 ,X J V ^2' A| 



(5.3) 



Substituting ( ll.lOp in the form 



2"V 2q-i- l G( X )r (s - f) cos (f (s - §)) 
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in f)5.3p and then simplifying, we find that 



», v, x) - 32 ^:^ )/2 r (i - . + f ) r (. + 1) l (i - . + i, x ) l (. + f , x) ■ 

(5.4) 

We wish to shift the line of integration from Re s = 1/2 to Re s = 3/2 in order 
to evaluate (I5.2p . since then — 1 < Re z < 1 implies that Re (s + z/2) > 1, which 
allows us to use the series representation of L (s + ~, x) ■ Consider a positively oriented 
rectangular contour formed by [~ + iT, | — z'T], [~ — iT, | — iT], [| — zT, | + z'T] and 
[| + iT, \ + zT], where T is any positive real number. The integrand in ( 15. 2 p does 
not have any pole inside the contour since the pole of Y (l — s + |) ats = l + z/2is 
cancelled by the zero of L (l — s + |,x) there. Also as T — > oo, the integrals along 
the horizontal segments [| — zT, | — z'T] and [| + zT, | + zT] tend to zero, which can 
be seen using (I1.12p . Employing residue theorem, letting T — > oo and using (15. 4p . we 
find that 

32 • 2~ z 7{( 1 ~ z ^ 2 r^+ioo ( z\ f Z\ / z \ f z 

J(z,y,x)= r *_ lG{x) J 3 _ ioo r(s + -)r(i- s + -)L(i- s + -, x )L(s + - rX )y°ds 



32 • 2- 2 tt( 1 - z )/ 2 ^ x ( n ) yf-Moo / \-* 



(5.5) 

Now, in order to use Lemma l4~2l to evaluate the integral in (15. 5p . we again have to shift 
the line of integration from Re s > 3/2 to Re s = d, where — \ Re z < d < ~ Re z. 
Again, we do not encounter any pole in this process. Hence, 

Since —1 < Re (2) < 1, the other integral, namely J(—z,y,x), can be evaluated by 
simply replacing z by — z and \ by X i n (I5.6p . Now (15. ip . (I5.6p . (I1.18P and the discussion 
in the previous line give 

' , , , ft + iz \„ft-iz \ 

tt(z,t)z> I — — ,x I = I — ^— >X J cos fit dt 



o 



(5.7) 

where it is easy to see from the fact that — 1 < Re z < 1, from the discussion just 
preceding the statement of Theorem 11.61 and from Lemma 14.41 that both the double 
series on the right-hand side of (I5.7P converge. 
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Now let [A — \ log a in (15 .7p so that y = e 2fl implies that y = a. Then using the fact 
that af3 = 1 and using fll. 1T[) in the second equality below, we deduce that 

J Q(z,t)E >xj s (~2~~' x ) cos (| tlo g«) dt 



oo oo 



X{n)x{k) Q -^x^sr^ x(n)x(k) 



/ oo oo 

647r 3 / 2 g T(z, /3, X ) E x(n)L(* + 1, n/3, X ) + T(-z, (3, x) E x{n)L{-z + 1, n/3, X ) ) ■ 



n=l n=l 

The integral on the extreme left-hand side above is invariant under the transformation 
a — )■ (3 or under the simultaneous application of the transformations a — > (3, x — > X 
and z —z. Thus we obtain (ll.20p . □ 

Next we give an analogue of Ramanujan's transformation formula (Theorem II. ip for 
even characters. 

Corollary 5.1. For an even character x, define P(a,x) by 
P(a, X ) = Re U(x) E E ) = Re ( E * W 52) 

\ n=l fc=l ™ / \ n=l 

where ip («, x) * s defined in ( 11 . 161) . T/ien we /jai>e 
P(a, x) = X) = Pipe, x) = P(P, X) 

;i + ^)r( zl ^Vf Zl ^ls (ix)~( lx) cos f ^ log a ) dt. 



64tt 3 / 2 i v 7 V 4 / V 4 / V 2 



(5. 



Proof. Using Lemma I4.3| we readily see that the double series in the definition of 
P(a,x) converges. Let z — > in (ll.20p . Then multiplying both sides by q and using 
(11.61) . we have 



oo oo 



n=l k=l n=l k=l 

\ n=l fc=l K n=l fc=l K 

(5.9) 

Each of the first two expressions in (15. 9p can be written in two different ways as real 
parts of a double series. Thus, 

\ n=l k=l / \ n=l fe=l 
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\ n=l k=l ' / \ n=l k=l ' 

' r fl + t 2 )rf^±^Vf zl f^V (lx) H f^xl cos I -flogn ) ,/,. 



64tt 3 / 2 7 v V 4 / V 4 / \2 : 

This implies (15. 8p . □ 

Moreover, if we start with the integral in Corollary 15.11 evaluate it using (12. 5p with 
z = and make use of Lemma 14.11 when X is even, we obtain the same result as in 
Corollary 15.11 except that the function P(a, x) is replaced by the function F(a, x) 
defined by 

OO OO / \ / , \ oo 

F(a, X ) ■= V^G( X ) E Ti = -V*G(x) £ xMV> (no, x) ■ (5. 10) 

n=l k=l n=l 

It is then trivial to see that F(a, x) = P{ot, x)- 

Theorem 11.71 can be analogously proved using Lemma [4.21 for x odd. We just note 
that there we have to take care of the pole of Y (l — s + \z) in the integrands of two 
separate integrals. However, in the calculations that follow later, the two residues turn 
out to be additive inverses of each other and hence do not contribute anything. 

The following is an analogue of Ramanujan's transformation formula (Theorem II. ip 
for odd characters. 

Corollary 5.2. For an odd character x, define Q(a,x) by 
Q(a, X) = Im ( G( X ) £ f] X ^ X ^ ) = I m ( G ( X ) £ x(nty (na,x) 



where ip (a, x) ^ s defined in (I1.16P . Then we have 

Q(a, x) = W, X) = Q(a, X ) = Q(P, X) 

1 + it\^f 1 -it\„ ( t 



4tt 1 /2 



Q Jo 



X H -,x cos -tloga ) dt. (5.11) 



Proof. Using Lemma |4.3[ we find that the double series in the definition of Q(a,x) 
converges. Let z — > in Theorem 11.71 Multiplying both sides by — q and using (II. 5p 
and (11.61) . we observe that 

^(G(x)±±4^+ G Mf:f:^^ 

\ n=l k=l n=l k=l 

n=l k=l ' n=l k=l ' / 

V( I s (Lx) z(l,x) cos ( ^tloga ) dt. (5.12) 



^ l/2 q Jo V 4 / V 4 / V 2 
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Now using (11.61) for odd characters to simplify (I5.12p . we see that 

\ n=l k=l / \ n=l fc=l / 



(OO OO / \ / t N \ / oo oo 

g(x) E E ^# = im goo E E 
n=l fc=l ^ / \ n=l fe=l 



k + n(3 J 



OO 



r ( V( ^"7^ I s ( ) ^ ( n>X ) cos I ^floga ) dt. 



^ 1/2 qJ V 4 y v 4 y V 2 / V 2 ' 

This implies (15. lip . □ 

If we now start with the integral in Corollary I5.2[ evaluate it using (12.51) with z = and 
make use of Lemma 14.11 when \ is odd, we obtain the same result as in Corollary 15. 2[ 
except that the function Q(a, x) is replaced by —iF(a, x), where F(a, x) is defined in 
(I5.10p . It is then trivial to see that F(a, x) — iQ(®, x)- 

We separately record the following theorem resulting from the discussion on the 
previous line and the one succeeding Corollary 15.11 

Theorem 5.3. The sum F(a, x) defined in (15.101) is real if x is even and purely 
imaginary if x is odd. 

6. Character analogues of the Ramanujan-Hardy-Littlewood 

conjecture 

In this section, we prove Theorems 11.91 and 11.101 We require Lemma 3.1 from pQ 
which states that if x is a primitive character of conductor N and k > 2 is an integer 
such that x(— 1) — ( — l) fe > then 

(i^™^-:,,).^ (6 ,, 

Proof of Theorem 11.91 From [28], we have for Re s > 1, 



^ n s L(s,x) 



Also, since for — 1 < c = Re s < 0, 



1 



c+ioo 



;i- e -) = __/ T(s)x- S ds, (6.3) 

Z7U Jc-joo 



replacing s by s + 1, we find that for —2 < c < — 1 

1 



e+ioo 

l-e~ x ) = — — / T(s + ^x' 3 ' 1 ds. (6.4) 
2%i 



Using (16.21) and (16 AL we observe that 
^ n 2 L(2,y) ^ n 2 1 

n=l v ' A; n=l 
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1 g T^ 00 r(s + l) /W \ ~ s 

~ L(2, X ) + 2nW L ioo L(-2s, X ) \q J ^ 

where in the second step above, we interchanged the order of summation and integration 
because of absolute convergence. For x odd, (ll.lOp can be put in the form 

Hence, 

2S+7 1 



r( s + i) _G(x) M 2 r(|- s ) 



L(-2s, X ) ^ 1/2 V?/ L(2s + l,x)' 
Substituting ( 16. 6 p in (16. 5p . we observe that 



(6.6) 



f^ xinMn) ^ 1 Gee) p r(|-,) 



We wish to shift the line of integration from Re s = c, —2 < c < —1, to Re s = A, 
where | < A < §. Consider a positively oriented rectangular contour formed by 
[c — iT, A — zT], [A — iT, A + z'T], [A + iT, c + zT] and [c + zT, c — z'T], where T is any 
positive real number. Let p = 5 + z'7 denote a non-trivial zero of L(s,x). Let T — > 00 
through values such that |T — 7I > exp (— Aij/ log 7) for every ordinate 7 of a zero of 
L(s,x)- R is known [10, p. 102] that for t not coinciding with the ordinate 7 of a zero, 
and -1 < cr < 2, 

from which we can conclude that 

logL( S ,x)= log(s-p)+0(log(g(|*|+2))). (6.8) 

|*-7|<1 

Taking real parts in (16. 8p gives 

log|L( S ,x)|= log|s-H + 0(log(g(|t| + 2))) 

|t-7l<l 

> log|t-7l + 0(log(g(|t|+2))). 



I*-7|<1 



(6.9) 



Hence from (16. 9p . we have 

log|L(a + zT,x)| > - J2 ^i7/log7 + 0(log(g(|T| + 2))) 

[T- 7 |<1 

> -A 2 T, (6.10) 
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where A 2 < tt/A if A\ is small enough and T > T for some fixed T . From (I6.10p . we 
see that 

1 



M 2 * + l,x) 

where A% < n/2. Using (I1.12p and ( 16. lip , we observe that as T — > oo through the above 
values, the integrals along the horizontal segments tend to zero. Now let £fi := 6 + 
denote a non-trivial zero of L{2s + l,x). Let Rf{a) denote the residue at a of the 

r(f-*) (get- 

L(2s + l,x) V vr 

critical strip — | < Re s < 0, whereas the trivial zeros are at —1, —2, —3, ■ • • . Also, 
r (| — s) has poles at |, |, |, • ■ ■ . Then the residue theorem yields 



function /(s) := — _ I ) . The non-trivial zeros of L{2s + 1, x) lie in the 



L(2s + l,x) \ ft J Jx-ioo L(2s + l,x) V ^ 




(6.12) 



where 



R f (-1) = km (s + 1)- - 1 1 - 



2 



y L(2s + l,x) V vr 7 4^'(-l,x)' 

f \ 2 J 2 jL(2 S + l,x)Wj 2L'(p,x) W 

Rfim = 7=rk=y (6-13) 

a^qL(2,x) 

Of course, here we have assumed that the non-trivial zeros of L(2s + 1, x) are all simple 
and that YlpRf (^i - ) converges, since the afore-mentioned discussion regarding the 
integrals along the horizontal segments tending to zero as T — > oo through the chosen 
sequence does not imply the convergence of ^ p Rf (^y-) in the ordinary sense. It only 
means that the series converges only when we bracket the terms in such a way that 
the two terms for which 

|7 — VI < exp (-A17/ log 27) + exp (-A^'/ log 2V) 

are included in the same bracket. Using (I6.2p and interchanging the order of summation 
and integration because of absolute convergence, we obtain 

**• r(i-.) f^\- ^^tM f^ r ^__ s )(^y ds 



X—ioo 



a V^~i n \a 2 n 2 q 



(6.14) 
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where in the penultimate line, we have made the change of variable s — > \ — s so that 
-1< d < 0. Thus, (16U2D . (T67T3]) . f l6U4j) and (ED imply 



L(2s + l,x) V * 



«,/o ^—f n 2 V 



^2L'(p,x) \9<*V a^qL(2,x) ) ' 
From (16.71) . (I6.15P and the facts that a/3 = 1 and a/ = Zy/g, we find that 



n 2 

n=l 



-e ™ « 



L(2 )X ) L(2,x) ^ n: 



(6.17) 



Applying (16. ip with N = q and = 3 and replacing x by x gives 

1 47U 



L'(-l,x) 9 G(x)i(2,x)' 
Thus flBTTBD and flBTTTD yield 

n=l n=l 

_^ E £MM" /2 ,, (6 , 8) 

Switching the roles of a and and those of x and x gives 

Finally (I6.18P and (16.191) give (ll.24p upon simplification. □ 

Remark. The approach used above for proving that the integrals along the horizontal 
segments tend to zero as T — > oo through the chosen sequence is adapted from [371 
p. 219]. 

To prove Theorem 11.101 we require the following lemma. 
Lemma 6.1. 
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Proof. Dividing n into its residue classes mod q by letting n = qr + b, < r < oo, 
< b < q — 1, we find that since x has period q, 

X(n)fi(n) _ x(b)fi(qr + b) _ p(gr + 6) 

n=l r=0 6=0 ^ 6=0 r=0 y 

The series YlT=o ^(<l r + b)/(qr + b) was first studied by J.C. Kluyver [19] and its conver- 
gence was proved by E. Landau In fact, Landau gave an explicit representation 
for this series in terms of a finite sum consisting of L-functions. Thus (I6.20p implies 
convergence of Yl^Li l n - Then using (16.21) and an analogue of Abel's theorem 

for power series, we see that 



x(nMn) = lim yX(nMn) = ^ 1 = 1 
n s ^ 1 ~f nS s ^ lL {s,x) L(l,X) 



n=l n=l 

□ 

Proof of Theorem 11.101 The proof is very similar to that of Theorem 11.91 and hence 
we omit the details. However we note that Lemma [6.11 (ll.lOp in the form [TOl p. 69] 

and (16.11) with N = q and k = 2 are used in the proof. □ 

7. Open problems 

The following are some open problems with which we will conclude. 

1. We have indirectly given the proof of the fact that function F(a,x) defined in 
(15.1 Op is real (purely imaginary) respectively when x is even (odd). Prove this directly, 
i.e., without using Corollaries 15.11 and 15.21 and the integrals in those corollaries. 

2. Since (II. 23ft is of the form F(a) = F(/3), where a/3 = 1, it is natural to ask if 
there exists an integral representation involving the Riemann H-function equal to the 
two expressions in (ll.23p . Finding an integral representation for either side of (I1.23P 
may throw light on the convergence of (T ((1 — p)/2) a p ) /( (p) provided, of course, 
that the integral converges in the first place. It should be remarked here that Hardy 
and Littlewood [T8| p. 161] have shown that the relation 

P(y) = o (VH , (7.1) 



where P(y) = Y^=i(~v) n / ( n 'C(2^+l)), can be derived from (I1.23P provided we assume 
the Riemann hypothesis and the absolute convergence of ^2 T ((1 — p)/2) /C'(p)- They 
have further shown that (17.11) is a necessary and sufficient condition for the Riemann 
hypothesis to be true. 

Similarly, it is natural to ask if the expressions in (ll.24p and (I1.25P have integral 
representations involving S (|, x). 



3. Does there exist a generalization of Theorem II .81 admitting representations of the 
form F(z,a) = F(z,(3)7 Similarly, do there exist generalizations of Theorems 11.91 and 
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11.101 admitting representations of the form F(z,a,x) = F(—z, (3,x) = F(— z,a,x) — 
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